We show that if D C R" is a bounded domain with smooth boundary, and u e Lm(D x (e, T)), u > 0, solves |y = Aum , m > 1 , in the sense of distributions on ßx(0,r), and vanishes on dD x (0, T) in a suitable weak sense, then u is Holder continuous in D x (0, T).
Introduction
The initial value problem for the porous medium (1) |^ = A«m, m> 1, w>0, has recently received considerable attention. An important direction was the study of the solvability properties of the initial value problem in R" x (0, oo). We want to mention here the results of Aronson and Caffarelli [1] , Benilan, Crandall and Pierre [2] Dahlberg and Kenig [3, 4] .
Combining the results of the above papers we have the following picture. Let p > 0 be a measure on R" . Then equation (1) has a solution in R" x (0, oo) with initial data p if and only if p(\x\<R) = o(R" + 2/(m-l)) as R -> oo. Furthermore, the solution is unique in the class of nonnegative continuous weak solutions.
For the heat equation du/dt = Au we remark that the corresponding growth condition is that / <rffWsdp <oo Jr» for all o > 0. Theorem 1.1. Let D c R" be a bounded domain with a smooth boundary. Then there is a solution ß > 0 of the porous medium equation such that ß e 3e and u(x, t) < ß(x, t) for all ue3° and all (x, t) e D x (0, oo).
By removing this exceptional solution ß one has the following theory for the initial value problem. Theorem 1.2. Let D c R" be a bounded domain with a smooth boundary. If ue3°, u¿ ß then sup / ô(x)u(x, t)dx < oc i>0 Jd where â(x) = dist(x, dD). For all n e Crf (R") with n = 0 on dD the limit (2) lim/ u(x, t)n(x)dx = A(n, u) no JD exists. Furthermore, there are nonnegative measures v and X on D and dD respectively, such that (3) / ô(x)dp(x) < oo, / dX<oo Jd JdD and (4) Afa,u)= [ ndp+ [ ^-dX.
Jd JdDon
Here d/dn denotes differentiation along the normal direction. Conversely, if p and X are two nonnegative measures satisfying (3), then there is a unique ue3°, u / ß satisfying (4).
Before stating the next part of the theory we want to recall some facts from the potential theory. We refer the reader to e.g. Helms [6] for an account of this.
We will let G denote the Green function of D, i.e. G has the property that the solution of the problem Av = -finD, v = 0 on dD, is given by the Green potential v(x) = Gfix)= i G(x,y)f(y)dy.
Jd
For X a nonnegative bounded measure on dD we denote by Si?X the Poisson integral of X, i.e. the unique nonnegative harmonic function in D that takes the boundary value X in a weak sense. The purpose of this note is to study the regularity properties of weak solutions of the porous medium equation in a cylinder. It was crucial for the above theory to deal with solutions that were a priori known to be continuous. It is therefore natural to ask whether weak solutions are continuous. In a companion paper to this one [6] we have established this for purely local solutions. The present work deals with weak solutions, which are zero in a weak sense on the lateral part of the boundary, and thus, the purely local theory does not apply.
Let as before D c R" be a bounded domain with a smooth boundary. Let J? denote the class of r7eC0oo(R"x(0,oo)) with the property that 17 = 0 on dD x (0, 00). We will say that a nonnegative function w is a weak solution of ( 1 ) satisfying Dirichlet boundary conditions if //. umdx dt < 00 Dx{a,b) for all 0 < a < b < 00 and ¡Sa(ud£ + Um^)dxdt = Q for all y/ e J?. Here Q denotes D x (0, 00). We will denote the class of all such solutions by 3°w ■ Our main result is now that all weak solutions are continuous, i.e. 3°w -3° . Theorem 1.4. Let D cR" be a bounded domain with a smooth boundary. Suppose u > 0 is a weak solution of the porous medium equation satisfying Dirichlet boundary conditions. Then there is a continuous function u* on Dx(0, 00) with u = u* a.e. in Q, u* = 0 on dD x (0, 00).
The idea for the proof of this result is to first show for each T > 0 there is a bounded measure pj on D such that for all y/ e J? J ¥(x,T)dpT = JJ (u^ + umAyÀdxdt.
The second part of the proof consists of showing that u = uF a.e. in coF = {(x, t): t > T} where Uj is defined as the solution of the porous medium equation in coF with data pF at times t = T constructed by Theorem 1.2.
Existence of trace
We will from now on assume that D c R" is a bounded domain with a smooth boundary and that u > 0 is a weak solution of the porous medium equation (1) We next observe that dw/dt = -um in the distribution sense. To see this let û e C0°°(fi) and set n = GÛ. Then
A particular consequence of this is that if x > 0 and if 0 e Cq°(D) , y e Cq°(R) with y(x) = 0, then an approximation argument shows
We can therefore define the trace vx of w at a time x > 0 by choosing a y e Cfi°(R) with the property that y(x) = 1 / 0dvT= if 6(x)(y(t)u(x,t)m-y'(t)w(x,t))dxdt.
Jd JJdx(x, oo) By (5) the measure uT is well defined. We remark that vt > 0. To see this for e > 0 let yEe Cfi°(R) be chosen so that y'E(t) >0 for x-e<t<x, ye(t) = 0 for t < x -e and yE(x) = 1. From (5) it follows that if 6 > 0 then -fdduT= if 6(x)(ye(t)u(x, t)m-y'E(t)w(x, t))dxdt<o(l) ase |0.
Jd J Jdx(t-£,t) It is also easy to see that JDdvr < oo and that vx is a weakly continuous function of x.
We summarize the properties of vT in the following lemma. 
Setting
Pk(x,t)= / Gk(x,y)u(y, t)dy Jd we observe that the inequalities pk+x > pk and dpk/dt < 0 hold in the distribution sense. The first inequality follows since Gk is monotonically increasing in k. To see the second inequality pick n e Cq°(D) with n > 0. Then íf^pkdxdt= ÍÍ d^Gdktn)udxdt = -ÍÍA(Gkn)umdxdt > 0.
Pick X e C^°(R) satisfying X > 0, ¡X(t)dt = 1, and X = 0 outside the interval (j, 1). Define wk(x,t)= pk(x,t + s2 k)X(s)ds.
Lemma 3.1. The functions wk are smooth and converge to w in the distribution sense. The following inequalities hold for k = 1,2, ... :
(6) wk < wk+x, We define the operator Ht, t > 0, and its integral kernel Ht(x, y) as the solution operator for the initial Dirichlet problem, i.e. for / e L2(D), f = Ecjfj Htfix) = uf(x, 0 = E cje-^fsix) = I Ht(x, y)f(y)dy.
Jd
We next define the operator 3°k for a function a on Q by 3*kq(x,t) = jj H2-k(x,y)X(s)q(y,t + s2-k)dyds.
With this notation wk = 3°kw and
Vr-ÍAtü*) -^ = 3>kum -(3>ku)m > 0 by the fact that 3°k is given by a nonnegative kernel with total integral less than or equal to 1 and Jensen's inequality. Since d(wk -w)/dt = um -3°kum the property (11) follows from the fact that H2-k is an approximation of the identity.
Since pk(x, t) = J Gk(x, y)u(y, t)dy is a decreasing function of t and X is supported on [j , 1] it follows that if t > x > 0 then wk(x, t) = Jpk(x,t + 2-ks)X(s)ds < Gkfx < Gfx where fx(x) = \ /TT/2 u(x, s)ds, which completes the proof of the lemma.
From the lemma follows that for all (x, t) e Q lim^^ ^(x, /) exists (it may possibly equal +oo). From now on we redefine w to equal this limit. It also follows from Lemma (3.1) that w(x, x) is superharmonic with w(x, x) < Gfx, 0 < fx e LX(D), since w is the increasing limit of the superharmonic functions wk . We recall that a superharmonic function is a Green potential in D if and only if the largest harmonic minorant is identically zero, see Helms [6] . Since w(x, x) is bounded by a potential we therefore have that w(x, x) = Gpx(x) for some measure px > 0. To see that px has finite mass we notice that if h} -Go¡, a} > 0, is an increasing sequence of Green potentials with Oj having a compact support in D and lirn,-^ hj(x) = 1 for all x e D then / hjdpx = w(x, x)düj < / Gfxdoj = / hjfxdx < fxdx.
Letting j -* oo shows that / dpx < oo. We remark that if D¡ is a sequence of domains with Dj c Dj+X and \JDj = D then h¡ can be defined by h¡ = 1 in Dj and hj = 0 on dD with Ahj = 0 in D\Dj.
Since the functions wk are decreasing functions of t it follows that w has the same property and hence the pointwise limit hx(x) = limw(x, t) tit exists for all x e D and is superharmonic. Pick n e Q°(R"), n > 0, / ndx = 1 and set for Ç e R" , e > O n(¡e(x) = E~nn(^jí). It now follows from the weak continuity of the trace of w that
for all cf in Ö. We now recall that for all superharmonic functions h in D all points are Lebesgue points, i.e. for all £ e D lim / nÍE(x)h(x)dx = h(x).
Therefore by taking the limit as e | 0 in (12) shows that hx(Ç) = w(Ç, x) for all £, e D which completes the proof of the lemma.
Main result
For t > 0 we define u*k T as the strong solution of the porous medium equation (1) in D x (t, oo) that satisfies u*k T = 0 on dD x (x, oo) and u*k T(x, t) -uk(x, x), x e D, where uk --Awk . Set wk T -Gu*k T. Since by Theorem l.7> wk x is decreasing in t we have for (x, t) e D x (x, oo) that w*kx(x, t) < wk(x, x) < w(x, x).
Letting y/(s) = sign(s)\s\m we have that wk is smooth and solves the inequality dwk/dt < t//(Awk) and dw^ x/dt = íí/(Aíí;¿ t) . It now follows from the maximum principle (for a proof see Pierre [7] or Dahlberg and Kenig [5] ) that (13) wk < wk T in D x (x, oo).
(The proof of the maximum principle in the above papers is only carried out for solutions but it also carries over to the present case of a smooth subsolution.)
Letting ß be the extremal solution of the porous medium equation as described in Theorems (1.2) and (1.3) we have u*k r(x, t) < ß(x, t-x), (x, t) e D x (x, oo). The family {u*k x}kLx is therefore uniformly bounded and hence equicontinuous (see Sacks [8] ) on D x [a, oo) for every a > x. A subsequence will therefore converge uniformly to a strong solution u* of the porous medium equation on D x [a, oo) for each a > x > 0. Since {wk T}^. is a monotonically increasing sequence of functions (again by the maximum principle explained above) it follows that the limit w* satisfies lim w* T = Gu* = w*.
In particular we have that w(x, t) < wx(x, t) for (x, t) e D x (x, oo). Setting M(t) = sup{u;(x, t) : x e D} and observing that x > 0 is arbitrary we see that M(t) < oo for all t > 0. Also, w*(x, t) < M(t) for t > x.
We Since w(x, t) = Gpt with pt a nonnegative measure with Jdpt < oo we have that ê'(pt) < oo for all t > 0. We need the following lemma in order to study the continuity of «;(•,/) in the //o-norm. Set ek(t) = \\wk(-, t)\\2 . Since wk is smooth we find by differentiating ek that if 0 < x < T then there is a constant C -C(x, T) such that II (3°ku)(3°kum)dxdt = ek(x)-ek(T) < C.
Dx(x,T)
Since 3°ku and 3°kum converge pointwise a.e. to u and um respectively, we find by Fatou's theorem that JJDx,x T) um+xdxdt < oo and hence //.
(\3>ku -u\m+x + \3°kum -um\(m+x^m)dx dt -> 0 Dx(t,T)
as k -* oo. Differentiating the energy of wk(-, t) -w*(-, t) we see for 0 < x < T that Hence u = u* a.e. on D x (x, oo) which yields Theorem 1.4.
